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Abstract: In this paper, an approach to control the longitudinal motion as well as reject disturbance of a platoon of autonomous
vehicles is presented. Firstly, we consider the longitudinal acceleration and velocity of the leading vehicle as disturbance, and
establish a model which describes the longitudinal dynamics of inter-vehicle. Secondly, constant time headway (CTH) strategy
is adopted to design a longitudinal upper controller based on model predictive control (MPC) to obtain the desired longitudinal
acceleration. For rejecting unknown disturbance, a major contribution that differs this paper from previous research is that the
upper level controller has two components: a nominal control action and an ancillary control law. The lower level controller
adopts simple PID algorithm to determine either a throttle or brake input. Finally, simulations are carried out using vehicle
dynamics software veDYNA to verify the effectiveness of the proposed method. Simulation results show that the controller is
able to follow the desired spacing as well as reduce the fluctuations of the leading vehicle.
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1 Introduction

Motion control of a platoon of autonomous vehicles has
become one of the central issues of current intelligent traffic
due to the emerging problems of traffic congestion. It is de-
fined by a list of vehicles driving along the same path togeth-
er with a close spacing on the premise of safety!!l. Motion
control of a platoon of autonomous vehicles can not only
specify vehicle driving, gain road capacity but also effec-
tively improve traffic flow. This study includes the lateral
and longitudinal automatic control technology, road-vehicle
information interactive technology. This paper only studies
the longitudinal following control.

The longitudinal control system can be divided into t-
wo categories according to different implementations: di-
rect and hierarchical”. There exist many control method-
s based on direct longitudinal control™*!. The longitudi-
nal dynamic model of a platoon of vehicles is a nonlinear
system with complex multivariable, and it is affected by
dynamic target and obstacles in front. Hence, it is diffi-
cult to meet so many performances by designing only one
controller™. Some scholars divided the control system as
two layers inspired by the concept of hierarchical modular.
For the hierarchical longitudinal control system, several con-
trol methods can be found in literatures. The University of
Tokyol® designed a feedforward-plus-feedback lower level
controller based on the H-co robust control method, it’s ro-
bustness and stability was confirmed by experimentals. In
2006, Gao Feng et.all”-3! in Tsinghua University designed
a multi-model hierarchical switching control system for ve-
hicle longitudinal acceleration/deceleration based on robust
control theory. Zhang Lei® proposed an upper control strat-
egy of vehicle longitudinal driving assistance system and an
online self-learning method of driver characteristics based
on the analysis of driver car-following experimental data as
well as aberrant behavior questionnaire, it was also applied
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to the driving assistance system.

Overviewing the longitudinal control of autonomous vehi-
cle, it is not difficult to find that hierarchical control may be
more suitable for this control problem due to a clear division
of labour between the upper, lower level controller. How-
ever, almost everyone focuses on a single vehicle consisting
of an engine, a torque converter, an automatic transmission
etc while modeling, but doesn’t consider the longitudinal dy-
namics model of inter-vehicle, not to mention the impact of
the leading vehicle acceleration and velocity, therefore, this
part is the focus of this study. In this paper, we consider the
problem of establishing the longitudinal dynamics model of
inter-vehicle, as well as the impact of the acceleration and
velocity of the leading vehicle . The longitudinal follow-
ing of vehicle is regarded as a multi-objective optimization
problem and it will be solved under the framework of model
predictive control(MPC). MPC is a promising candidate for
controlling systems!!% 11 It exploits a model of the system
dynamics to predict the future system evolution and select
the first element of the optimal solutions as the control law
at current time.

The rest of the paper is structured as follows. The ar-
chitecture of the longitudinal spacing control system is de-
scribed in Section 2. The longitudinal dynamics model of
inter-vehicle is given in Section 3. Section 4 designs a con-
troller based on MPC which consists of a nominal control
action and an ancillary control law. In Section 5, simulation
results and discussions are provided. Section 6 is the conclu-
sion of this paper.

2 Architecture of Longitudinal Control System

The main goal of the proposed control law is to achieve
the longitudinal following control of a platoon of vehicles
under automated longitudinal control mode as well as rejec-
t the leading vehicle acceleration and velocity. The control
system is designed to be hierarchical!'?!, as shown in Fig-
ure 2. It is assumed that the leading vehicle is independent
of the following vehicle, travels on its own, and there is no
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Figure 1 Two-level structure for longitudinal control system

communication between the two vehicles.

The desired spacing of the two vehicles can be obtained
from spacing strategy, there exist two main spacing strate-
gies: fixed spacing strategy and time-varying spacing s-
trategy. Time headway based spacing appears as the most
promising strategy!!3!. In this paper, a simple constant time
headway (CTH) strategy is adopted for the sake of simplic-
ity. The longitudinal motion of the leading and following
vehicle are measured by the upper level controller in order
to calculate the desired acceleration sequence under some
constraints for each vehicle, then selects the first element of
the optimal solutions as the control law at current time. S-
ince the desired acceleration is not a true control input, the
lower level control is required to determine either a throttle
or brake input in order to track the desired acceleration. The
information of the following vehicle is fed back to the upper
level controller to establish a feedback closed loop system.
Then repeating the process until the ultimate following ob-
jectives is achieved.

3 The Longitudinal Dynamics Model of Inter-
vehicle

The traditional method of modeling always takes the s-
pacing and relative velocity between the two vehicles as s-
tate variables to get the second-order state equation, without
considering the acceleration and velocity of the leading vehi-
cle. However, it can’t be ignored indeed due to the reduction
of the model precision as well as the limit of the control al-
gorithm design.

For a platoon of vehicles driving on one-lane road, shown
as Figure 2. In order to avoid the collision, a car will strive to
keep a safe distance when the traffic is heavy. The driver in
the following car will take actions correspondingly accord-
ing to the information of the leading car. The longitudinal
dynamics model of inter-vehicle can be described by the fol-
lowing equation:

v(k+1) =v(k) +as (k)T (la)

1
Ax(k+1) = Ax(k)—H}mf(k)TS+§(al(k)—af(k))Ts2
(1b)
where a;(k) and ay(k) stand for the acceleration of the
leading vehicle and following vehicle respectively. Ax(k)

and vy ¢ (k) stand for the spacing and relative velocity be-
tween the two vehicles, they can be described as: Az (k) =

Xi+1 Vi+1

Xj Vi l-1

Xi-1

Figure 2 Vehicle platoon

xi(k) — zy(k), vpes(k) = vi(k) — v(k), where z;(k) and
x (k) denote the longitudinal position of the leading vehi-
cle and following vehicle respectively; v;(k) and v(k) de-
note the longitudinal speed of the leading vehicle and fol-
lowing vehicle respectively, while T’ is the sampling time of
the system. Then choose state vector X = [Az(k),v(k)]T,
input vector u = [ay], output vector Y = [Axz(k)], and
w = [a;,v;])T represents the acceleration and velocity of the
leading vehicle which acts as an unknown disturbance input
in this case, then the state-space model is given by:

X(k+1) = AX (k) + Bu(k) + Gw(k)  (2a)
Y(k+1) = CX(k) + Du(k) + Hw(k)  (2b)

c=[1 1] D= 47| H=[i72 T.].

In this section, we choose the spacing and the longitu-
dinal speed of the following vehicle as state variables, and
take the acceleration and velocity of the leading vehicle as
disturbance to ensure the precision of the model. This mod-
el describes the longitudinal dynamics of inter-vehicle more
reliable compared with the traditional method.

4 Model Predictive Control
4.1 Ancillary Control Law

For the disturbance is unmeasurable and unpredictable, a
novel MPC scheme is presented for linear stochastic system-
s with probabilistic constraints in [14]. The control signal
is specified in terms of both nominal control action and an
ancillary control law. We have also been able to find more
similar details in [15], for linear systems subject to stochas-
tic noise and probabilistic constraints on the state and control
variables. The proposed method is characterized by a com-
putational burden similar to the one that required by stabiliz-
ing MPC methods for deterministic systems, by the possibil-
ity to consider unbounded noises, and by ensured recursive
feasibility and convergence.

Here we will explain how to get the ancillary control law.
Let w(k) = 0, then define a nominal system:

X(k+1) = AX (k) + Bu(k) (3a)
Y(k+1)=CX(k) + Du(k) (3b)

Denote a(k) = X (k) — X (k) as the error between the ac-
tual system (2a) and the nominal system (3a). Let u(k) =
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(k) + K(X (k) — X (k)). Combine equation (2a) and (3a),
the dynamics of the error system can be represented as:

alk+1) = Aa(k) + B(u(k) — u(k)) + Gw(k)

= (A + BE)a(k) + Gu(k) @

The ancillary control law forces the trajectories of the error
system (4) to the origin, and the trajectory of system (2) is
forced to the nominal and predicted trajectory, then achieves
to disturbance minimization.

In simulations, we choose T's = 0.02s, then from equa-
tion (2) we know that the pair (A, B) is stabilizable, for the
matrix [A — A, B] has full-row for all ReA > 0. Then we
just need to find the K satisfies that all the eigenvalues of
A+ BK are located inside the unit circle.

Next, we will discuss how to solve the u(k).

4.2 Nominal Control Law

The nominal dynamics (3) rather than real dynamics (2)
are used to predict the system behaviors, no stochastic dis-
turbances are present.

According to the performance requirements, performance
index that penalizes the tracking errors and vehicle acceler-
ation desired to be small, so the objective function can be
described as

min[J(Y (k), U(k),m, p)] %)

Satisfies the nominal dynamics of the system (3).
Because the ability of vehicle is restricted in practice, the
following constraints must be satisfied.

Constraintsl : Vmin < v(k) < Umax

Constraints2 : Umin < (k) < Umax

In addition, in order to avoid the collision, the car will strive
to keep a safe distance.

Constraints3 : x;(k) — x(k) > d.

where d. denotes the minimum safety distance, v;,;, and
Umae Stand for the minimum and maximum speed respec-
tively. Finally, the optimization problem of longitudinal con-
trol can be described as follows:

Problem 1:

minlJ(Y (k), U(k), m, p) ©)

satisfies the nominal dynamics of the system (3) and time-
domain constraints:

Umin < ’L_L(k + 7,|,l{:) < Umaz (7a)
z(k+i|k) — z(k +ilk) > d. (7b)
Umnin < 'U(k + Z|k) < Umaz (70)

Where,
T (1), U(K), . )
= 3 Tk = 1) 2 +
; Ty i (Ye(k +ilk) — r(k + 1)) |
STy (Y (k + 1[E) — R(k + 1)][2 + LU ()]

Matrices I'y and I',, are weighting factors, which are shown
as

Ly =diag(Ly,1, Ty, Ty p),

I'y = diag(ru,ly Fu,Za T 7Fu,m)~

Y, (k+1|k) is the prediction of the output, R(k+1) is the ref-
erence values, U (k) is the nominal control input sequences.
Next, we will discuss these parts in detail.

According to the principles of model predictive control,
at time k, the coming vehicle dynamics are predicted on the
basis of model (3). Here, m is defined as the control horizon,
p is defined as the prediction horizon, and m < p. Thinking
that the whole state vector could be measured instantaneous-
ly. For the vehicle system, the input @(k) has no impact on
Y (k +i|k)(i > 0), therefore, at time k, the prediction func-
tion of output is defined as follows:

Y (k + 1[k)
| Y(k+2]k
Y, (k+ 1lk) < ( .|) ®)

Y (k J.rp|k)

px1
As well, define the optimal control input sequence U (k) at
time k:

(klk)

def | Uk +1[k)

I

. ©)
a(k +m — 1]k)

mx1

According to the basic principles of model predictive control
and related theory, we can predict the future status of the
system from the instance k + 1 to k + p:

X (k + 1|k) = AX (k) + Bu(k|k) (10a)

X(k+mlk) = A"X(k) + A" ' Bu(k|k) + - -
+ Bu(k +m — 1[k)

(10b)

X (k+plk) = APX (k) + AP~ ' Bu(k|k) + - - -
p—m+1 ‘
+ > AT'Ba(k +m — 1|k)
i=1

(10c)

Then combine (3b) Wi}h equation (10), the predictions of
the controlled output Y (k + i|k) are obtained, which can
be written as:

V(k+1|k) = CX (k) + Du(k|k) (11a)

Y (k + mlk) = CA™X (k) + CA™ ' Bu(k|k) + - - -
(11b)

+ CBu(k +m — 1]k)

Y (k4 plk) = CAPX (k) + CAP*Bu(k|k) + --- (11c)
p—m+1 4
+ Y CA™'Bau(k +m - 1|k)

i=1
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Then equation (11) can be described as:

Yy (k +1|k) = S, X (k) + S.U (k) (12)
where,
S.=[cA cA® car ]’
pX2
- CB D 0 0 7
CAB CB D 0
Su = TT:L*1 rr.z—2 ' : :
CA™'B CA™ 2B ... 0 0
| ca'B cAr2B

T px(p+1)-
Based on the CTH strategy, desired inter-vehicle spacing
satisfies the following relations approximately:

r(k+1i) =tho(k + 1) + Axg (13)

where, Az denotes the minimum safety distance, including
a vehicle length and a fixed distance value, v(k+ 1) is the 2th
system state, we can obtain the predictive output by equation
(1a).

Similarly as before, define the predict output sequence
Vp(k + 1|F):

v(k + 1|k)
def | v(k+2[k)

Vp(k +1]k) = (14)

o(k + plk)

px1

Omitting the derivation, it is given by:
Vp(k+1]k) = Vo X (k) + VuU (k) (15)

where,

T, 0 0 o --- 0
s Ts 0 o --- 0
V=

T, T, --- T,
pX(p+1).

Define the reference output sequence as follows:

r(k+1)
k+2
R | Y (16)

r(k-—i— D)

px1

Then, it can be finally written as follows:
R(k+1)=tp x V,(k +1[k) + Ro 17

where,

T
px1

RO d;f [ AZC() A(EO A{I?o ]

We can not obtain the analytical solutions of this optimiza-
tion problem due to the existence of the constraints, the op-
timization problem (6) subject to inequality constraints (7)
can be formulated as a Quadratic Programming (QP) prob-
lem

minz ' Hz — gTz, (18a)

s.t. Cyz > b, (18b)

where, z = U(k) is the independent variable of this opti-
mization problems. Substitute the predictive equation into
the objective function, then, obtaining:

J = ||y (Ey(k + 11k) + (Su — ta Vo) U (B)||* + [|ITLU (k)|
= U(k)T((Su - thVu)TFZFy(Su - thVu) + Fgru)U(k)
+ 2B, (k + 1|k) T} Ty (Su — taVu)U (k)

+ Ep(k + 1|k) T Ty Ey(k + 1|k)
(19)

where,
Ey(k+1|k) =S, X (k) — ti, x Vo X (k) — Ro

For E,(k + 1|k)"T} Ty E,(k + 1|k) is independent to the
variable. The cost function (19) can be rewritten as:

J=Uk)THU(k) - Gk +1|k)TU(K) (20)
where,
H = (Su—thVu) " ThTy(Sy — thVa) + T Ly,
Gk + 1[k)" = 2(Su — taVu) ' T Ty Ey(k + 1]).
Next, we transform the constraints into Cy,z > b.

% Transform control input constraint

Constraint (7a) can be rewritten as C',z > b

[ —Umax ]
—Ime —Umax
>
Umin

% Transform output constraint
Substituting the prediction equation (12) into (7b), then
the output constraint can be rewritten as

S.U(k) > D, — S, X (k)
where,D, = [d.. ... d.]|%

px1-
% Transform state constraint

Combining equations (15), then the state constraint (7c)
can be rewritten as

Vi, Vinin — VIX(k)
|: _Vu :l U(k) Z |: VUCX(k) - Vmaz (22)
where,
T

Vmin = [Umin e vmin] P
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Vma:z: = [vmam e Umar]

Based on the above analysis, the optimization problem

Problem 1 can be finally described as Problem 2:
Problem 2:

IUn(ikr; Uk)THU(K) — Gk + 1K) TU(k), (23a)
s.t. CLU(k) > b(k + 1]k), (23b)

where,
H = (Su—tnVu) " TPy (Sy — th Vi) + T4y,
Gk +1[k)" = 2(Sy — taVu) ' TE Ty Ey(k + 1]K),
Cu = [~ I nvsams Sus Vi, =Vl T

—Umax

—Umax

Umin

b(k + 1[k) =

Umin_
D.— S, X(k)
Vinin — Ve X (k)
i VxX(k’) — Vinaz

= (2m+3p)x1-
It is clear that H > 0 and hence the optimal solution of the
optimization problem exists.

By solving Problem 2, we can get the control se-
quence U (k), only the first step of the optimal control se-
quence is applied to the controlled vehicle, then @(k) =
[10 --- 0]JU(k), the control sequence U*(k) is described
as follows:

U* (k) = u(k) + K(X (k) — X (k)) (24)

This is a process of rolling optimization.

5 Simulation

This paper implements some simulations by using co-
simulation of Matlab/Simulink and veDYNA, a high fidelity
vehicle simulator. In simulations, a vehicle model of limou-
sine(Light) is utilized to show the effectiveness of the pro-
posed method. Table 1 shows the main parameters used in
simulation.

Table 1: The main parameters used in the simulation

Symbol | Description Value

Ts sampling time 0.02 (s)

lo vehicle length 4.3159 (m)
de inter-vehicle constant distance 7 (m)

th headway 6 (s)
Umin the following vehicle min acceleration | -5 (m/ 52)
Umaz the following vehicle max acceleration | 5 (m/ 32)
Umin the following vehicle min velocity 0(m/s)
VUmaz the following vehicle max velocity 40 (m/s)
Ky K in the lower level controller 12

K; K; in the lower level controller 2

Kg K4 in the lower level controller 0.01

In order to verify the effectiveness of the proposed
method, several simulations are made.
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Figure 3 Experimental results with ancillary control law

A. Experimental validation of the proposed method

At first, we consider a simple set to verify the validity
of the controller. Supposing that there is an initial offset
of 100m between the two vehicles, and the leading vehicle
keeps straight with the speed of 20m /s, then there is an ac-
celeration of 1m/s? between 40s and 50s. The acceleration
of the leading vehicle and the detailed information are shown
in Figure 3. In the above figure we omit the data before 20s,
for the state of following vehicle is not stable. According to
Figure 3 it can be seen that facing of the leading vehicle’s
rapid change in the speed, the host car adopts a smoother
tracking mode. In spite of the speed deviation, the host car
can be able to track the desired distance perfectly. It is con-
sistent with our expectation, for the purpose is to track the
desired spacing between the two vehicles as well as restrain
the change of the vehicle ahead.

B. Variation in road conditions

In this section, we set varied road friction to verify the
tracking performance of the proposed control algorithm. As-
suming that the variation in road conditions has no effect on
the performance of the leading vehicle. In each case, other
settings are the same including the parameter K. The path
and other information can be seen in Fig 4. It is worth point-
ing out that, when the friction coefficient changes between
[0.4,1], the host car can tracking the leading vehicle accu-
rately. When it comes to the ice-covered road (u = 0.2), the
controller becomes invalid.

C. Comparative experiments of the two controllers

To illustrate the ancillary control law can inhibit the ac-
celeration and velocity of the leading vehicle, a sine change
of speed in the leading vehicle is used in simulation. All
the cases are implemented on dry asphalt pavement (u = 1).
The vehicle states for different cases (with ancillary control
law,without ancillary control law) are shown in Figure 5. We
can notice that the host vehicle with ancillary control law can
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Figure 4 Comparative results of variation in road conditions

track the desired spacing with smaller error and longitudinal
velocity fluctuations. All the vehicle states and responses
are smoother than the other controller. Thus, such a conclu-
sion can be obtained: the proposed method can track the de-
sired spacing more accurately compared with the traditional
control methods, and it can increase the driving comfort by
reducing the vehicle longitudinal speed fluctuations.

6 Conclusion

This paper established a longitudinal dynamics model of
inter-vehicle, which took the acceleration and velocity of the
leading vehicle into consideration. For rejecting unknown
disturbance, an ancillary control law was introduced under
the framework of MPC. Simulation tests showed that the ve-
hicle behaviour agreed with the proposed approach. The host
vehicle for different cases (with ancillary control law and
without ancillary control law) both could follow the lead-
ing vehicle, while ancillary control law helped the vehicle
driving more smoothly by reducing the vehicle longitudinal
acceleration fluctuations in the same situation.
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